Abstract. We prove that the canonical cover of an Enriques surface does not admit nontrivial Fourier-Mukai partners. We also show that the canonical cover of a bielliptic surface has at most one non-isomorphic Fourier-Mukai partner. The first result is then applied to birational Hilbert schemes of points and the second to birational generalised Kummer varieties. An appendix establishes that there are no exceptional or spherical objects in the derived category of a bielliptic surface.
Introduction
In [15] Mukai discovered that an abelian variety A and its dual abelian variety A are always derived equivalent (or Fourier-Mukai partners), even though in general they are not even birational. Since this observation a lot of effort has been put into the investigation of possible Fourier-Mukai partners of a given variety X. It turns out that, for example, the derived category determines the variety if the canonical (or anti-canonical) bundle is ample. Thus, it is natural to consider the case where the canonical bundle is trivial or torsion. Since the derived category of an elliptic curve determines the curve, the case of surfaces is the next interesting one. If the Kodaira dimension of the surface is 0, then, as is well known, there are four possibilities. The surface is either abelian, K3, Enriques or bielliptic. Bridgeland and Maciocia proved in [4] that an Enriques or a bielliptic surface does not admit non-isomorphic Fourier-Mukai partners. In the other two cases quite a lot is known, see, for example, [9] , [22] and [8] . In this note we prove the following result (see Propositions 3.1 and 4.8).
Theorem 1.1. If X is a K3 surface which covers an Enriques surface, then any surface derived equivalent to X is isomorphic to X. If A is an abelian surface covering a bielliptic surface, then the only non-trivial Fourier-Mukai partner A can have is A.
Thus the additional geometric information imposes restrictions on the number of FourierMukai partners. We will use the above result to establish that birational Hilbert schemes of points on K3 surfaces as above are automatically isomorphic, see Corollary 3.2. Corollary 4.9 establishes a similar result in the case of birational generalised Kummer varieties.
The note is organised as follows: In Section 2 we recall the necessary facts about lattices and canonical covers and describe the known formulae for the number of Fourier-Mukai partners of a K3 resp. an abelian surface. In Section 3 we prove the first part of the theorem and Section 4 establishes the second part. The last section is devoted to the study of the derived category of a bielliptic surface: We prove that neither spherical nor exceptional objects exist. Throughout we work over the complex numbers.
Acknowledgements. I thank Daniel Huybrechts for his comments on a preliminary version of this paper and Martí Lahoz, Emanuele Macrì and Sven Meinhardt for useful discussions. This work was partially financially supported by the SFB/TR 45 'Periods, Moduli Spaces and Arithmetic of Algebraic Varieties' of the DFG (German Research Foundation).
Preliminaries
A lattice is a free abelian group L of finite rank endowed with a symmetric non-degenerate Z-valued bilinear form b. A lattice is even if for any l ∈ L the integer b(l, l) is even. An isometry between two lattices is a group homomorphism preserving the bilinear forms. The dual lattice L * is the group Hom(L, Z) endowed with the natural extension of the bilinear form on L. There is an embedding L / / L * given by l / / b(−, l) and L is called unimodular if the map is an isomorphism. An example of a unimodular lattice is the hyperbolic plane U , which is the group Z 2 endowed with the bilinear form which on the basis e and f is given by e 2 = f 2 = 0 and ef = 1. Another example is the unique positive definite even unimodular lattice E 8 , see [2, Ch. I.2] . If L is a lattice and k ∈ Z, then L(k) denotes the same abelian group with the bilinear form multiplied by k. Given a sublattice M of a lattice L, its orthogonal complement M ⊥ is the group of elements l ∈ L satisfying b(m, l) = 0 for all m ∈ M . We call a sublattice
and the signature of L ′ is equal to the signature of L.
The following result of Nikulin, see [18, Thm. 14.4.2] , will be used quite frequently in the sequel.
Proposition 2.1 (Nikulin). Let T be an even indefinite nondegenerate lattice satisfying the following conditions:
Then the genus of T contains only one class, and the homomorphism O(T )
/ / O(A T ) is surjective. Here A Tp denotes the p-component of the finite abelian group A T , l denotes the number of generators, u(2) is the discriminant group of the lattice U (2) and v(2) is described in [18] .
We will frequently need the formulae for the number of Fourier-Mukai partners of a K3 surface or an abelian surface established in [9] and [8] respectively. Let X be a K3 or abelian surface with transcendental lattice T X (sometimes written as T (X)) and period Cω X . We define the group
It is known that the genus of a lattice with fixed rank and discriminant is a finite set. We
On the other hand, given a marking ϕ for X, we can use it to define an embedding G Hodge / / O(T ), where T = ϕ(T X ). Using that the discriminant groups of a lattice and its orthogonal complement are isomorphic, we get an action of G Hodge on O(A T ⊥ ).
Consider a K3 surface X and set
If A is an abelian surface we have a surjective morphism
so that ξ(ι B ) = B, B and where the set on the right is the set of G Hodge -equivalence classes (G Hodge is defined as above) of primitive embeddings of T (A) into U ⊕3 . We furthermore have
where the L i are the lattices in the genus of N S(A).
We also need to recall the notion of canonical cover. Namely, let X be a smooth projective variety with torsion canonical bundle ω X whose order is n. The canonical cover X is the unique (up to isomorphism) smooth projective variety with trivial canonical bundle with anétale map π :
Furthermore, there is a free action of the cyclic group G = Z/nZ on X such that the morphism π is the quotient morphism.
K3 surfaces covering Enriques surfaces
Recall that an Enriques surface is a compact complex surface S of Kodaira dimension 0 with H 1 (S, O S ) = H 2 (S, O S ) = 0. Any Enriques surface is projective, its canonical bundle is torsion of order 2 and the canonical cover of an Enriques surface is a K3 surface. Conversely, a quotient of a K3 surface by a fixed-point free involution is an Enriques surface. Note that we have an isomorphism Pic(S) ≃ H 2 (S, Z) obtained from the exponential sequence. Dividing out torsion we get the lattice E 8 (−1) ⊕ U . Pullback to the covering K3 surface gives the lattice E := E 8 (−2) ⊕ U (2), which is often referred to as the Enriques lattice. An Enriques surface is generic if the Picard group of the covering K3 surface is precisely E.
By general results in [16] (which are based on Proposition 2.1) we know that a K3 surface of Picard rank ≥ 12 does not have any Fourier-Mukai partners. Thus, if we consider K3 surfaces covering Enriques surfaces we only have to consider Picard ranks 10 and 11. Proposition 3.1. Let S be an Enriques surface and let X be the covering K3 surface. Then
Proof. By the Derived Torelli theorem for K3 surfaces the existence of a derived equivalence between X and Y is equivalent to the existence of a Hodge isometry between the transcendental lattices T (X) ≃ T (Y ). Let us begin with generic Enriques surfaces. It is a fact that the transcendental lattice of E in the K3 lattice Λ = E 8 (−1) ⊕2 ⊕ U ⊕3 is isometric to E ⊕ U . Now, [17, Thm. 1.4] gives that any isometry of E ⊕ U extends to an isometry of Λ. By the Torelli theorem for K3 surfaces we conclude that X ≃ Y .
Ohashi [20, Prop. 3.5] classified the Neron-Severi lattices of K3 surfaces of Picard rank 11 covering an Enriques surface. We have the following two series
In the second case, the Neron-Severi group contains the hyperbolic plane and hence any isometry of the transcendental lattice extends to the K3 lattice by [18, Thm. 14.4.4] . Therefore, the K3 surfaces belonging to the second case do not have any FM-partners. Consider the lattices F N . It is clear that for any p = 2 the rank of the p-component of the discriminant group is 1. Hence, condition (a) in Proposition 2.1 is satisfied. One also easily sees that condition (b) is satisfied as well. Equation 2.1 gives the result. We can apply this result to Enriques manifolds which were introduced in [19] . An Enriques manifold is a connected complex manifold which is not simply connected and whose universal cover is a hyperkähler manifold. A particular example is obtained as follows. Let S be an Enriques surface and let X be the K3 surface covering it. For any odd n ≥ 1 the induced action of the group G = Z/2Z (corresponding to the involution on X) on Hilb n (X) is free and the quotient is an Enriques manifold R with π 1 (R) = Z/2Z. Proof. The universal covers are birational as well and the claim follows at once from the previous corollary and the observation that under our assumption the surface X (≃ X ′ ) admits only one fixed-point free involution.
The situation changes if one also considers twisted FM-partners of a given K3 surface X. Recall that given a K3 surface X ′ and a class α in the Brauer group of X ′ , one can consider the abelian category of α-twisted sheaves on X ′ and its bounded derived category D b (X ′ , α). A twisted FM-partner of X is a twisted K3 surface (X ′ , α) such that there is an equivalence D b (X ′ , α) ≃ D b (X) (see, for example, [10] for more information). We have an explicit formula in [13] which allows us to compute the number of twisted FM-partners FM d (X) of X for any given order d of α. If the Neron-Severi lattice is 2-elementary, as is the case for the Enriques lattice, then [13, Cor. 4.5] states that there are no twisted FM-partners for d = 1, 2. Applying this to a K3 surface X with Pic(X) = E, we have
where I 2 (A T (X) ) is the set of elements in A T (X) of order 2. We know that O Hodge (T (X)) is a cyclic group whose Euler function value divides 12, the rank of T (X). Thus, |O Hodge (T (X))| ≤ 42. On the other hand, it is easily checked that I 2 (A T (X) ) has more than 42 elements. Thus, the cover X of a generic Enriques surface has a twisted Fourier-Mukai partner. It is to be expected that the same holds for higher Picard numbers. If one twists X as well, then for any natural number N there exist N non-isomorphic algebraic K3 surfaces X 1 , . . . , X N of Picard rank 20, which can be assumed to be Kummer surfaces, and Brauer classes α 1 , . . . , α N on these surfaces such that the twisted derived categories D b (X i , α i ) are all derived equivalent, see [10, Prop. 8.1]. Since any Kummer surface covers an Enriques surface by [11] , we see that allowing twisting creates arbitrarily many twisted FM-partners.
Abelian surfaces covering bielliptic surfaces
Recall that a bielliptic surface is a complex projective surface S of Kodaira dimension 0 with H 1 (S, O S ) = C and H 2 (S, O S ) = 0. It turns out that any such surface is a quotient of a product of two elliptic curves E × F by the action of a finite group G. Note that we allow E and F to be isomorphic. The group G acts on E by translations and on F in such a manner that F/G ≃ P 1 , so, in particular, it does not act by translations only. The canonical bundle of S is torsion of order 2, 3, 4 or 6. In fact, there are only the following possibilities for G and some of them include restrictions on F (see [2, Ch. V.5]).
(1) The group G is cyclic of order n = 2, 3, 4 or 6. The order of G is equal to the order of the canonical bundle of S and the canonical cover S is isomorphic to E × F , where F has complex multiplication for n = 3, 4 and 6. (2) The group G is Z/3Z × Z/3Z. The curve F has complex multiplication, the order of the canonical bundle is 3, so
The group G is Z/4Z × Z/2Z. The curve F has complex multiplication and S = E × F/(Z/2Z).
Note that in the cases (2) and (4) the Picard rank of S is either 2 or 4, depending on whether E is isogenous to F or not. Also recall that if an abelian surface has Picard rank 4 and is isogenous to a product of elliptic curves, then it is isomorphic to a product, see [27] . (2) , (3) and (4) Proof. Let B be a FM-partner of A. By Orlov's results in [21] there exists a Hodge isometry T (A) ≃ T (B) and, since by assumption the Neron-Severi group of A contains a hyperbolic plane, we can again use [18, Thm. 14.4.4] to conclude that this isometry extends to a Hodge isometry H 2 (A, Z) ≃ H 2 (B, Z). By [26, Thm. 1] this shows that A ≃ B (since A is self-dual being a product of elliptic curves).
Proposition 4.1. Let A be an abelian surface which is isomorphic to a product of elliptic curves. Then any Fourier-Mukai partner of A is isomorphic to A. In particular, the canonical cover of a bielliptic surface does not have any FM-partners in case (1). This also holds in cases
Remark 4.2. Two abelian varieties A and B are derived equivalent if and only if there exists a symplectic isomorphism A × A ≃ B × B, see [22] . Thus, if in our situation A = E × F and
This is not sufficient to conclude that A ≃ B: In [25] Shioda gives a counterexample to such a statement even in smaller dimensions. Namely, there exist elliptic curves C, C ′ and
The case (1) being dealt with, we now turn to case (2) . We only have to consider the case where E is not isogenous to F , so ρ( S) = 2. The Neron-Severi group of E × F is generated by E × {0} and {0} × F with the two generators spanning the hyperbolic plane U . It is easy to see that N S(E × F/(Z/3Z)) = U (3). We need the following
Proof. It is easy to see that O(L) is isomorphic to Z/2Z ⊕ Z/2Z, the isometries being the identity id, −id, the map ι which interchanges the two generators of the hyperbolic plane e and f and the composition −id • ι. The group A L is Z/3Z ⊕ Z/3Z. The bilinear form b L can be described as follows: The elements of the form (x, 0) resp. (0, x) are isotropic, b L (x, x) = Alternatively, one can use the classification of indefinite two-dimensional lattices as found for example in [6, Ch. 15] and check that the discriminant forms of the other three two-dimensional lattices of determinant −9 are not isometric to the discriminant form of U (3). Proof. This follows immediately from the two lemmas above and the counting formula recalled in Section 2.
We can now deal with the cases (3) and (4). Proof. The lattice U (2) is even, indefinite and 2-elementary. Therefore, by Proposition 2.1 any Hodge isometry of its orthogonal complement T (A) extends to H 2 (A, Z). Using [26, Thm. 1] this implies that any FM-partner of A is either A or A.
The proposition immediately implies the following Corollary 4.7. Let S be a bielliptic surface in case (3) or (4) such that ρ( S) = 2. Then S has only one non-trivial FM-partner.
Lastly, we have to consider case (3) under the assumption that ρ( S) = 3. First note, that N S(E × E) = U ⊕ −2 for a curve E without complex multiplication, but we can also have E × F with F isogenous to E and in this case N S(E × F ) = U ⊕ −2N for some N ≥ 1. Dividing out Z/2Z gives a lattice of the form L = U (2) ⊕ −4N . Arguing as in the last part of the proof of Proposition 3.1, we conclude that in this case there is also at most one non-trivial FM-partner. Hence, we proved the following Remark 4.10. Similar to the K3-case we expect the situation to become more complicated when we consider twisted surfaces.
Remark 4.11. An interesting question is whether any FM-partner of an abelian surface admitting a principal polarisation also admits a principal polarisation. This would follow from a stronger statement, namely that a principally polarised abelian surface does not have any non-trivial FM-partners: This is not entirely implausible by the above results for surfaces which are products of elliptic curves and by results in [22] which state that the statement holds in the generic case, that is, when End(A) = Z. Namely, for a (not necessarily principally polarised) generic abelian variety A the number of FM-partners of A is equal to 2 s(A) , where s(A) is the number of prime divisors of det(N S(A))/2.
Appendix: Exceptional and spherical objects on a bielliptic surface
Let us now consider the structure of the derived category of a bielliptic surface. First a result which is implicit in [5] . Proof. The main input is [3, Lem. 15 .1], which shows that there are no objects F in the derived category of an abelian surface satisfying Hom 1 (F, F ) = 0. Recall that the canonical cover of S is an abelian surface A and S is equal to the quotient of A by a cyclic group H whose generator will be denoted by h and whose order will be denoted by n. The morphism A / / S will be denoted by π.
Using [3, Lem. 12.4] , it is enough to show that there are no rigid sheaves. First, consider a torsion sheaf T . Then, since T ⊗ ω S ≃ T , T = π * F for some object The above shows that F is rigid, which is impossible. Hence, no rigid torsion sheaves exist. Furthermore, no locally free sheaf E can be rigid, because O S is a direct summand of E ⊗ E ∨ and hence C = H 1 (S, O S ) ⊂ Ext 1 (E, E) = Hom 1 (E, E). Now, let E ′ be any rigid sheaf. By [12, Lem. 2.2] its torsion subsheaf and the torsion-free quotient are rigid sheaves and by [12, Cor. 2.3] a torsion-free rigid sheaf on a smooth projective surface is locally free. But we have seen that neither torsion nor locally free rigid sheaves can exist.
Remark 5.6. One can prove that there are no spherical objects using only the fact that there are no spherical objects in the derived category of an abelian surface. Let us demonstrate the technique in the case n = 2. Thus, Hom 0 (F, F ) ⊕ Hom 0 (h * F, F ) = C = Hom 2 (h * F, F ) ⊕ Hom 2 (F, F ).
If hom 0 (F, F ) = 1, then also hom 2 (F, F ) = 1 by Serre duality, hence F is spherical which is absurd. If Hom 0 (h * F, F ) = C, then also Hom 0 (F, h * F ) = C, but Hom(h * F, h * F ) = 0, a contradiction. For n = 3 one can check that h * F ⊕ F would have to be a spherical object and similar reasoning proves the other cases as well.
Remark 5.7. Note that the situation is completely different for Enriques surfaces. Indeed, any line bundle L on an Enriques surface X is an exceptional object since Hom
. Also note that there are no spherical objects on a generic Enriques surface (see [14, Prop. 3.17] ), but they do exist on non-generic ones.
